Geometrical Interpretation of the Derlvative
(2.3) Letsbe a differentiable function given by the equation y = fx).

On the graph F4
of y = f(x), let P(x, y)
and Q(x+ Ax,y + 4y) be + 8%, y + &)
be distinct points near
to each other. - /
If A is the angle y = fi0) P ) S

that the secant line PO
makes with the x-axis,

then "
e s S
T o A M R i
Figure 2.1
95 _ pt+4y)-y

S tanf=pg = (x+A4x)-x
_ Jx+4x)-f(x)

x+A4x-x

4
= Z% = Slope of the secant line APQ. (1)

As Ax approaches 0, the point O moving along the graph of y =A%)
approaches P, the chord PQ approaches the tangent line PT in its limiting position
and measure £ of angle MAQ approaches a = mZQOTP. Hence taking limits as

Ax — 0, (1) becomes
dy.

tan @ = =
dx "

‘ie, the .derivativc of the function f at the point P represents the slope of the
tangent line to the curve y = f{x) at that point. '
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2.2 Differentlation Rules . ‘i\. A

the'

Differentiation Rules . . |
" This section shows how to differentiate functions without having to ﬂpp){

definition each time,

Powers, Multiples, Sums, and lefer'ences ey
The first rule of differentiation is that the derivative of every co.

ZET0,

Rule 1 Derivative of a Constant

d
If ¢ is constant, then ;I-c =0

: d d 1) d ( \/5) -0
-_— = _— = 0' - A
EXAMPLE1  —®)=0, 2 ( 3 Ix d
y j Proof of Rule 1 We apply the definition of derivative to f(x) = c, the function
| whose outputs have the constant value ¢ (Fig. 2.16). At every value of x, we find
c (x,¢) (x+h,0)
- : y=c that
1 1 -_—
i I Foon _ i f(x+h)-f(x)_. LT =0 _
i ' Fe) = lim = P =im = =lmo0=o. a
] ]
) = % H g The next rule tells how to differentiate x” if n is a positive integer.
0 x x+h
2.76 The rule (dldx)(c) =0 is another .
Way to say that the values of constant Rule 2 Power Rule for Positive Integers
functions never change and that the If n is a positive integer, then
slope of a horizontal line is zero at every d
point. ‘—;—x" = nx"},
X

To apply the Power Rule, we subtract 1 from the original €xponent (1) and
multiply the result by n,
EXAMPLE 2
' I x , x2 | 3 x4
£l | e ad | Q

Proof of Rule 2 If £(x) =x", then f(x +h) = (x + h)n
integer, we can use the fact that

- Since n is a positive

a" = pn = (a - b)(an-l +an§26+ v g ghm2 +bn—l)
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219 The tangent to the curve.
Y =X+ (2/x) at (1, 3). The curve has a
nt portion not shown here.

Ve will see how io h
2his In Chapter 3, graph functions like

at the point (1, 3) (Fig. 2.19).

2.2 Differentiation Rules .. ,\;1-9'

-1 © s ,",;'_,T‘ 5
EXAMPLE 9  Find the derivative of y = 5= A

Solution We apply the Quotlent Rule with u = f—landv=r+1: oL
dy ((+1).-2-(@-1)-2 .i@)=ﬂ££2:ﬂhunl_-
-aTr- = (,l T 1)1 . dr \v v? e .
W+u-2042
ST @+
4t

- o

2+ 1)

The Power Rule for Negative Integers
The Power Rule for negative integers is the same as the rule for positive integers.

Rule 7 Power Rule for Negative Integers
If n is a negative integer and x # 0, then

d - a-l

.P:wfofRuIe 7 The proof uses the Quotient Rule in a clever way. If n is a negative
integer, then n = —m where m is a positive integer. Hence, x* = x™= =.1/x" and

d d /1
&) =& (;:)

d d
STEO e g
(xn)l P
0— mxn-! S;ncc m >0,
T T ) = met
= —mx~""!
. i Mn-l' e D
EXAMPLE 10
d(1\_4d . L1
dx (.r) = ‘Tr'(l )=(=Dx"*= -
d (4 dos g » 12 l-'
dx (IJ) = 4E(x )=4(—-3)x = _F D ‘
D }
(
PLE 11 Find an equation for the tangent to the curve b )

2
y=x+=
b 4
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Exercises 2.2 129_- ] ..:"‘\O‘
ol HQW to read the symbols for EXAMPLE 13 Tho first four derivatives of y = x* -3t 42 210 i g, & e
3 derlvatlves First derivative: y' = 3x% —6x ‘ '
"y'pnme' y" "y double prime" Second derivative: y'=6x—6
. d squared y dx 4 Third derivative: y" =6 ‘1'
AR ) n " . I L
dxd At e Fourth derivative: y® =0. " . aifiie Al bl
. i [V
.. 'y wiple prime” The function has derivatives of all orders, the fifth and later deriva %
© 1y super n" zero.
“d to the n of y by dx to the n"
S — /
Exercises 2.2
tons in Bxercises 29 and
arivati ; Find the derivnuves of all orders of the func
Derivative Calculations 14 5 ]
In Exercises 1-12, find the first and second derivatives. ‘;.'\"3
L y=—x*+3 2 y=x14+x+8 29.y—7-§X2"‘ 0 5=120
7_7, 2
3 5=50 -3¢ b 7: Mo Find the ﬁrst and second denvauves of the functions in Exercises
5.y=£-x 6.y=—+%-+% 31-38. 1‘; 1 =b Nea b
3 4 247 3 245r—1
—_ 5 = —
7.w=3z-1_% Bs=-2"+ Moy=— >
@ -1E*+6+1 P +x)E—x+1)
9. y =6x? —10x —5x72 10, y=4—-2x—x73 33.r=(0 1)(993+ +1) M.u= =
1 5 4 1 .
e 12 r= o e f =
ST 67~ @t 35. w=(17+3‘) B-2 3. w=(@+Dz-DE@+D
In Exercises 1316, find y’ (a) by applying the Product Rule and 1.3
(b) by multiplying the factors to produce a sum of simpler terms to 37 — q*+3\(q' -1 38, p= q+
differentiate. 12 g @-D+@+1?

y=@-x)E-x+1) l4.y;(x—l)(x2+x+_l)

=(x’+1)(x+5+l) 16. y=(x+l)(x—-la+_l)
x . x x

Find the derivatives of the functions in Exercises 17-28.

Usmg Numencal Values
39. Suppose u and v are functions of x that are differentiable at

| 17 y_2x+5 18.‘:__2.:t+l x = 0 and that
3x -12 ) - 12 ¥0) =5 WO=-3, vO)=-1, vVO=2
P X© - , — -:
| 19, g(x) = el - M i _
| 8(x) 7705 ; : 20. f (r? T : Find t:e values of the following denvauyes atx =0.

2L v=(1-n( +x’)-' 2. w=2-7"(x+5) B) () b) ?;'i; (%) c) Ed; (%) d) g;ﬁu —2u)

Ji-1 5x+1 | - ‘

| : 3. je) = Sl . u= 2% 40. Suppose u and v are differentiable functions of x and that
B 1tr-d 2. 2( L./ u(l) =2, W'()=0, v()=5, v()=-
Sl e r=2l—=+ :
g X | N ) Find the values of the following derivatives at x = 1.

27, y= 1 (x+ 1)(x +2) d, d tu d d

28, y= T T £ L (L o
3 DG +x+1) Y= G-DGa-2) GO R dx( ) o () o Fo-m
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ol chapter 2: Derlvatives
i

sgure below, ‘ i
S the Rgure As g
you will see, the |l Cipen A
{ Slope = f{x) derivetive ot x = it exlets even though £0x) = Ix| bag o, 7
- fx ’ fon A
3. Graph y = tan x and it i i
derivative together op (- ; : RS
o Jx+h - On (=2, N (2). Poea. et
Slope L{_ﬂﬂ :h&mZh ?f the tangent function appear 1o have & smadjest dopad o L
\ msf:;s, tlope? Is the slops ever negetive? Give reasons for your, ./
! q kit 74. Qroph y = cotx and lts derivative logethes for 0 < x < & !Z!cr's~ 1« e
i | Slope = 7 ui" E;“Ph‘ of the cotangent function appscr 1o have & smallest . - % s
| Slops! a largest slopa? Is the slope ever posifi i e
y =\ i : for your answers, e R Cins mmzm.s Sl
l |l 75, Grlnhph _y'= Gsinx)/x, y = (sin2x)/x, and ¥ = (sindx)/x ;0'. ~'
i ‘I gether over the Interval —2 < x < 2. Where does each groph™ - -
: | | Oppear ta cross the y-axis? Do the praphs really intersect the * .
I A i A \ i _ axis? V.thl would you expect the graphs of y = (sin 5x)/x and
< x-h x x+h = o }'r=' (sin (—=3x))/x 10 do as ¥ — 07 Why? What abow the graph
R of y = (sinkx)/x for other values of k? Give reasons for your
) To see how rapidly the centered difference quotient for answers. ’
y) = sin r converges to f'(x) = cosx e )
é{gc )lhﬂ' £ 1 @oph y =cosx 76, Radians vs. degrees. What happens to the derivatives of sin x
& G ) o and cos x if x is measured in degrees insiead of radians? To find
y'a —sin(x — h) out, take (he following steps.
Zh 8)  With your grophing calculator or computer prapher in degree
over the interval [-m, 2] forh = 1,0.5, and 0.3, Compare mode, graph
the results with those obtained in Exerciss 69 for the same sinh
values of A fib) = “h
b) To see how rapidly the ccnlu:cd difl'crr_.nce quotient for and estimate limy_q f(h). Compare your estimate with
flx)=rcosx converges to f'(x)=—sinx, graph y = 1 /180. Is there any reascn to believe the limit should be
—sinx together with /1807
y= cos (x + h) 2‘}]“” (x—h) b) With your grapher still in degree mode, estimate
I cosh-1
over the interval -, 2n] for A = 1, 0.5, and 0.3, Compare R
the results with those obtined in Exercise 70 for the same ¢) Now go back to the derivation of the formula for the deriva-
values of A tive of sin x in the text and carry out the steps of the deriva-
72 A caution about centered difference quotients. (Continua- tion using degree-mode limits. What formula do yon obtain
tion of Exercise 71.) The quotient for the derivative?
flx+h) = flx=h) d) Work through the derivation of the formula for the derivative
A of cos x using degres-mode limits. What formula do you
. M obtain for the derivative?
may have 2 limit as & — O when f has no derivative at x As a ¢) The disadvantages of the degree-mode formulas become
case in point, take f(x) = |x| and calculae apparent as you start taking derivatives of higher arder. Try
i |8+-h—0—At it-What-arc-he—second-and-third-degree-mode desivatives
A0 2

of sin x and cos x?

The Chain Rule

We now know how to differentiate sinx and x? — 4, but how do we differentiate a

: composite like sin (x? = 4)? The answer is, with the Chain Rule, which says that
e — - —— — -~ ——— {thederivative of the composite of two differentiable functions is the product of their—
derivatives evaluated at appropriate points. The Chain Rule is probably the most
widely used differentiation rule in mathematics. This section describes the rule and
how to use it. We begin with examples.
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If we think of the derivative a3 a rate of change, our intuition allows us to see that

this relationship is reasonable, For Y= f(u) and u = g(x), if y changes twice ag

fast as y and u changes three times as fast as x, then we expect y to change six

times as fast as x. This is much like the effect of a multiple gear train (Fig. 2.39).
Let us try this again on another function.

EXAMPLE 2
Cyums Bumms A roum y=9.r‘+61’+1=(3x’+1)1
239 When gear A makes x turns, gear g is the composite of y = u? and y = 352 4. | Calculating derivatives, we see tha
kes u turns and gear C makes y turns, - dy du
By comparing drcumferences or counting Tt =2u.6x
tzeth,wgseematy=u12andu=3x,so du  dx
¥=3x/2. Thus dy/dy = 1/2, duldx = 3, and = 2 4
dly/dx = 372 = (dy/ciy) (du/dyx), 2057+ 1) . 6x
=36+ 12x
and .
¥ dy d 4 2
‘}: = d_x(gx +6x +1)
= 36x? + 12,
Once again,
dy du _dy
du dx ~ gy a

The derivative of the composite function F(g(x) at x i3 the derivative
' of | of fat
8(x) times the derivative of & 8t x. This is known as (he Chain Rule (Fig, 2.40);.

Composite £+ 8

Rate of change at
T8 fg(x) - g'(x)

S
Rate of change Rate of change

arxis g\z) 8t §(x) Is f(g(x)) \
X u=g(x) ¥ =flw) _' ﬂg(x. »

240 Rats of change multiply: the
;!erlvauve of fogatyis the derlvative of
gztt tile Point g(x) times the derivative of
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h,,|
-10=203x - 5) is the COmpog|
EXAMPLE 1  The funcilon y = 6x . te o
functions y = 2u and u = 3x — 5. How are the derivatives of these thre, fUncu:;
related?
Solutlon We have oy
‘ -d—y- =06 Q = 2, —_—c=],
. dx ' du dx
Slnco 6 = 2 L 31
dy dy du
dx " du ' dx’ Q
Is it an accident that
dy _dy du
E " du dx
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456 Chapter Z

perivatives

I
Ay
:
' L)
TR
L
.l
¢ JLI
,'rh
o n '\’Jl'\' b f LA A SR L T IR Ty
Thoorom ks e Tt Sk ] gl ol e
' l Yoy ‘ll ".l‘."' AR ‘_ Hif ,‘l.v_' ‘H 1o i TR ek
w..,; b -:,AH,‘L_"N.”"--
. The Chain Rule [y et fioas i v ...,m DA s AL Pl e P

H' f(‘u) i dlffmﬂnﬂuhlu ol lhe pnlnl u = g(,:). ||mlr;;(t) ln dmerh\tmhlu nt’

-x, then lfpo composlte’ fitietion (fo g)(\-) s f(,q(.r.)) ia dlitu-m:linhlu nx, gL ‘_.‘ .

s ll(lll e {.L :“ .v',_)u_‘; ‘y“.“_ \I b ‘7, “n .' ™ i ot ge P ’ SR ALAE fis | ‘.Ix,il\—v;""
o l YCrAE ¥ ! oo iy ‘, 3 YR ”:‘.‘,’
kg ) '(J‘ os)’(r) e f (g(r;) Y, RO AN
T ] Lulbniz. hulndom ify S f(n') lmd U g(x) lhcn '-J_' ety oW
SN, , .‘ : ‘_l\t ..-’,- .j B l., p,],:,’.-“' M ‘I' wetre B vt :

el | 3 ‘ ) ﬂ»v' i i Sl e S (@)

“dx IO g, oot
ehatl iy ¥

It would be tempting to try to prove the Chaln Rule by writing
Ay Ay Au
— ] —  —
Ax Au  Ax
and taking the limit as Ax — 0, This would work If we knew that Au, the change
in u, was nonzero, but we do not know this. A small change in x could conceivably

produce no change in u. The proof requires a different appronch, using ideas in
Section 3.7, We will setumn to it when the time comes.

EXAMPLE 3 Find the derivative of y = +/x7 + 1.

Solution Here y = f(g(x)), where f(u) = /u and g(x) = x? -+ 1. Since the
derivatives of fand g are

fl(u) = J— and  g'(x) =2x,

the Chain Rule gives

j_y = -d-f (g(x)) = f'(g(x)) » 8'(x)
X )
1
— = —_—— lx
zm §0 =

The “Outside-Inside” Rule

It sometimes helps to think about the Chain Rule the following way. If y = f(g(x)),
Eqg. (2) tells us that

d . A
ITREN, J— ﬁ:j'[g(x)]-g,(x).m., IR Cr S| | Ikt

In words, Bq. (3) says: To find dy/dx, differentiate the “outside” function f and
leave the “inside” g(x) alone; then multiply by the derivative of the inside.
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332%31- = —Gk_g:

ds
— = =2k,

dt
The side length is decreasing at the constant rate of 2k units per hour. Thus, if

the initial length. of the cube’s sida is s, the length of its side one hour iater is
§1 = So — 2k. This equation tells us that

2k = 59 — 5.
The melting time is the value of ¢ that makes 2kt = 5o. Hence,
tmen = LR T 1 |
2%k so—8 1 —(s1/5)
But
3.\

" (‘*_V“)__ L (?.)"’ 09T

50 (Vo) 4
Therefore,

tmelt = l—-10—9f ~11h.

If 1/4 of the cube melts in 1 h, it will take about 10 h more for the rest of it to melt.

Q

If we were natural scientists interested in testing the assumptions on which
our mathematical model is based, our next step would be to run a numbe-r' of
experiments and compare their outcomes with the model’s predictions. One practical
application might lie in analyzing the proposal to tow large icebergs ﬁ?m polar
waters to offshore locations near southern California, where the mclti.ng ice could
provide fresh water. As a first approximation, we might imagine.: the iceberg to be
a large cube or rectangular solid, or perhaps 2 pyramid. We will say .more about
mathematical modeling in Section 42.

/ S = - —#
v

Exercises 2.5

Derivative Calculations ‘ s e o ox

In Exercises 1-8, given y = f(u) and u =g(x), find dy/dx= . )’—‘c“’s"' E

IR A 1103) -4 ¢ ) MU _ 6y=sinu, u=x-—cosx SE———— P

L y=6u-9, u=(l/2)x‘ 2.y=2u3. u=8-1 7. y =tanu, u=10x =35
3, y=sinuy, u=3x+1 4.y =cosu, u=-—x/3 8. y = —secu, u=x*+Tx
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v pmr— =
. .

-
— oy -—r
Iy R g

\
. (f“_‘

\-/lnEx:ru'ss 39-48, find dy/dt.

‘In F_tr.mses 9-18, writs the function in the formy = f(u) and u =

g(x) Thea find dy/dx as a function of x.

9 y= - +1)° 10, y = (4 =3x)°
-0

12 y = (%- 1)

P A
14, y=(§+§)h

1
16 y-col(n'—;)
I8 y=Scos™x

Find the derivatives of the functions in Exercises 19-38.
B =37 20.¢g=V2r=
4 4
2Ls=5§—s:n3x+5—;cos5:
37t 3nt
2 a=sn(3 )*"‘“(T)

B r = (cse6+ cond)! UM = (sech +tang)-!

1]. Y= (l - ;)_T

IS y =sec(tanx)

17, y =sin'x

25, y=xlsin*x +xcos2y

1 1 \™
2. y=—@x =2 M.
) 21(1: )+(4 2)

4
Boy=(-2)74 ( +1)
B. y=Cx+3)x 1)

3L h(x) = xwn (2/x) +7 32 k(x) = x?sec (‘—:-)

ing \? ] -l
3 fe) = (1 :ncése) M 00) = (—_l :_::“)

35 r =sin(6*) cos (29)

37 sm( 4 )
- % Vi1

36. r=scc-\/5mn($)
38, q=cot(g)/

40. y =sec?ny
42 y = (1 +cot (1/2))2

r-oom)

46, y= EI (1+ cos’(?r))’

39. y = sin’(wr — 2)
4L y = (1 + cos2r)~

43. ¥ = sin(cos (2 — 5))

7= (i ()

47 y=/T+cos (1) as.y=4;in(,/1+,/f)*'
Find y* in Exercises 49-52. ’

1n?
49.y=([+-)
I

50 y=(1-x)!

26, y = lsin"’.r-ir-cosj.z
x -3

30y =@x~5)12 = 558

Exerclseg 2%

1 x
51, y-gcol(Jx 1) y 9!211(3)

Finding Numerical Values of Derivatives

'IL\ 1\61

In Exercises 53-58, find the value of (£ o g)" at the Biven valye of N

u=g(x)=x, r=1
1

h=g(x) = =—r,

53 fu)=w’+1,
54.f(u)=l-£, x=-]

5§, f(u)=co!;r—:: u=p(xr) =5x, x=

: 1 _
56. f(")=u+cos’u' Uu=g(x)=nmr, x'-l/4

x=0

2w
57. f(u)=u1+l

-1\2 1
58-f(")=(:—+—:). u=g(x)= ——l, x==]

v U=g(x) =100 +x+1,

59. Suppose that functions Jand g and their derivatives with respect

to x have the following values at x = 2 and ¢ = 3.

’ J@) 1 £(x)

| o | ew

2 8
3 3

BEAERE

Find the derivatives with Tespect o x of the following combina-

tions at the given value of x.

2) 2f(x), x=2 b f@)+ 8(x), x=3
9 f@)gx), r=3 4 f(x)/g(x), r=2
e flgx), xr=2 N Vi@, x=2

8) 1/8'(x). x=3

b VAR +ex), x=2

_60. Suppose that ths functions f and & and their derivatives with

respect (o x have the following values at x = ( andx =],

| @ [ | ro | oo

21 1 5 1/3
3 - -1/3 -8/3

Find the derivatives with respect to x of the following combing-

tions at the given value of x,

8) 5f(x)-g(x), x=1
J (@) _

c) m. x=1

©) §(f(x)), x=0

8) fix+8(x), x=0

b f()gx), x=0
d  flekx), x=0
D G4 et =1
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